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Abstract--The concept of symmetrically-nonequivalent (i.e. different in their symmetry) regular point 
systems (SNRPS) of the n-dimensional space groups of symmetry was introduced. The group-theoretical 
algorithm for derivation of these groups was suggested. The number of SNRPS was determined to 
be 13,166 and 3684 for n =2, 3, 4 accordingly. For three-dimensional space groups 58 locally- 
centrosymmetric space groups (LCSG) were considered, each regular point system of which is symmetric 
with respect o some inversion center. It was estimated that for the crystals with LCSG a tendency to 
a decrease in the absolute values of piezoelectric and electrooptic coefficients has been observed with the 
increasing atomic number of the most heavy atom of the structure. 
In recent years there has appeared a large number of papers where one uses the group-theoretical 
method of generalized symmetry, foundations for which have been set up in the works of the 
prominent Soviet crystallographers--academicians Shubnikov and Belov [1-3]. Some categories of 
the n-dimensional crystallographic point groups and space groups found their application in 
solid-state physics. First of all this refers to the study of incommensurate crystal phases and 
modulated structures whose symmetry cannot be described by conventional space groups because 
of disturbance of the translational invariance of the crystals. The method suggested by de Wolff[4], 
Janner and Janssen[5] to describe the incommensurate phases by the (3 +d)-dimensional 
"superspace" groups proved to be rather promising and has been successfully tried in a variety of 
works [6-11]. The formal apparatus of the (3 + d)-dimensional space groups is also applied to the 
description of symmetry of polysystem molecular crystals treated as the products of space 
modulation of a hypothetical ideal praphase [12, 13]. The point four-dimensional crystallographic 
groups provide additional information when considering the energy-level splitting in crystal 
fields[14]. Thus, the n-dimensional crystallography would appear helpful not only for the 
description of discrete properties of various mathematical models but also for the study of physical 
properties of particular crystal structures. 
Let us make a brief survey of the main achievements in the n-dimensional crystallography that 
have been amply covered in the literature on the subject [15-17]. When Fedorov and Sehoenflies 
had completed the derivation of 230 space group types of crystals it was natural to consider a 
possibility of derivation of corresponding groups in higher dimensions. In 1911-12 Bieberbach and 
Frobenius developed a general theory of the group symmetry of the n-dimensional lattices and 
proved the existence of a finite number of nonisomorphous space groups in the n-dimensional 
Euclidean space with an arbitrary number of n. Basing on this general theory, in 1948 Zassenhaus 
suggested an algorithm to derive the n-dimensional space groups as extensions of the translation 
subgroups of these groups using point groups. About 1950 Hermann gave a complete description 
of the possible crystallographic symmetry operations in higher dimensions and discussed the lattices 
of maximal symmetry and their crystal classes. In 1951 Hurley found 222 geometric crystal classes 
in the four-dimensional Euclidean space making use of the 1889 work by Goursat who had 
enumerated the classes of finite groups of the real 4 × 4 matrixes. Later this number was corrected 
to 227. At present classification of crystallographic groups in the four-dimensional Euclidean space 
is completed in the main. A complete list of 4783 types of four-dimensional space groups was 
computed in 1973 and given in an excellent monograph "Crystallographic groups of four- 
dimensional space" by Brown et al. [15]. These groups were derived on the base of the nine maximal 
arithmetic rystal classes, derived by Dade in 1965, which allowed one to determine all of the 710 
four-dimensional rithmetic classes and to calculate the normalizers of finite groups of the 
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unimodular 4 x 4 matrixes needed for the Zassenhaus algorithm. The monograph [15] is of interest 
not only by having a complete description of all classes of the four-dimensional crystallographic 
groups but also by taking a deeper approach to the system of classification of the n-dimensional 
crystallographic groups, as well as by giving characteristic properties of the four-dimensional 
crystallographic groups in comparison with that in lower dimensions. One of these properties is 
enantiomorphizm exhibited not only by the space group types but also by Bravais types of lattices, 
arithmetic classes and geometric lasses. For the first time this phenomenon was found by 
Shtogrin [18]. 
The n-dimensional mathematical crystallography is still in progess. Ryshkov [19] determined all 
maximal arithmetic rystal classes of five-dimensional Euclidean space. Some categories of five- and 
six-dimensional "small" groups isomorphic to the three-dimensional groups of symmetry, anti- 
symmetry, two-fold antisymmetry, p- and p'-symmetry were derived by Palistrant [20]. Some 
aspects of the mathematical theory applied to the n-dimensional crystallography were 
considered [15, 21]. 
The study of the higher-dimensional crystallographic groups provides a deeper understanding 
of crystallography of two and three dimensions [22]. 
Of certain interest is the symmetry of regular point systems (RPS) generated by the n- 
dimensional space groups [23]. Let us consider this point in more detail. 
By a regular point system G (~) one means the set of all points in the n-dimensional Euclidean 
space which are drawn from any initial point ~i by applying all operations gi of the motion group 
G. This concept of a RPS refers to a specific case of the orbit concept widely used in 
crystallography [31, 32]. 
Shubnikov and Belov emphasized [24-26] that for some space groups the symmetry of the regular 
point systems of general position (let us call them general RPSs) appears to be higher than that 
of the corresponding regular systems of asymmetric objects. The reason of this lies in the specifity 
of these groups and in the presence of eigensymmetry of the regular system elements. The 
phenomenon of symmetrization of the regular point systems in comparison with the generating 
groups, ranks among the natural phenomena of symmetrization and is described by the 
Shubnikov-Curie principle [27]. This means that the symmetrically-nonequivalent (i.e. different in 
symmetry) general regular point systems SNRPS in the space of a given dimension may appear 
to be less in number than the corresponding space groups. The concept of symmetrically- 
nonequivalent general RPSs agrees with that of general characteristic orbits in Ref. [32]. 
Each SNRPS can be put in correspondence with the group that is a maximal supergroup of all 
groups under which the given regular system is invariant. The method of finding such groups was 
developed by Chuprunov et al. [23] basing on the following theorem: 
In order for a general regular point system G(~) of the crystallographic group G to be invariant 
under the crystallographic group T, being a supergroup of the group G, it is necessary and sufficient 
that for every point ~ of the given regular system anontrivial subgroup N~ of the normalizer Ns(G ) 
of the group G in the group S of all motions of the n-dimensional Euclidean space E n be existing 
which transforms the point ~t into itself. 
Any point in the E n space can be taken as an original point ~. The existence of the subgroup 
N~ for each point of space means that the normalizer Ns(G) should have a continuous ubgroup. 
On the other hand, the invariance of the point ~ under the subgroup N~ means that each position 
in E n should be a particular one with respect o the group Ns(G). 
Let us use the operator notation of the space group elements: {g = q~ [t(~p)}, where ¢p is a rotation 
operation of the first or second kind referred to the origin of coordinates (the same letter denoting 
the matrix of this rotation) and t[cp) is a translational component of g, taking into account both 
the shift of the rotation relative to the origin of coordinates and the translational component of 
the rotation. 
The continuous ubgroups of normalizers of the n-dimensional space groups should have 
subgroups of infinitesimal translations since the translational lattice imposes ome restrictions on 
the order of rotations. It is shown in Ref. [23] that the normalizer Ns(G) has a subgroup of 
infinitesimal translations when the matrixes ¢p of all elements of the space group G have nonzero 
common eigenvectors with the eigenvalue ). ffi + 1. The subgroup of infinitesimal translations forms 
a subgroup of motions of the p-dimensional space of common eigenvectors of the rotations ~p. Then 
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the matrixes of the rotations of the group G can be simultaneously reduced to the form 
o,:(o 0) 
where A~ is the (n -p )  x (n -p)-blocks and I is a unit p x p-matrix. 
In order for each position in E n to be particular one with respect to the group of the normalizer 
Ns(G), this group should contain at least a (n-p)-dimensional mirror hyperplane {mn_p[O} 
perpendicular to the p-dimensional subspace of infinitesimal translations. Then the following 
equality holds true for the elements of the group G: 
{mn_,lO} {tp It(tp)} {m~_p[O}-' = {m~_ r tpm~_,lm~_, t(tp)} 
= {tp It(~p) + t}, 
where t is the lattice translation of the group G in the p-subspace. It follows from here that 
t(tp) = t/2 or 0. 
In other words, any general regular point system generated by the group G will have a symmetry 
higher than the symmetry of the regular system of asymmetric objects generated by the same group 
if G contains no elements with nonzero translational components less than 1/2 of the shortest lattice 
translations in the direction of common eigenvectors of the rotation matrixes. 
The enumerated conditions define the following algorithm for derivation of SNRPS of general 
position. To start with, one finds the groups for which the general RPS has the symmetry higher 
than the symmetry of the regular system of asymmetric objects. To do this, one finds, first, the 
groups whose matrixes of all rotations have a nonempty subspace of nonzero eigenvectors with 
the proper value ~. = + 1. Here one employs the fact that the corresponding n-dimensional space 
groups belong to only those geometric lasses that are isomorphous to the (n - D-dimensional 
geometric lasses "deepened" into the n-dimensional space. Secondly, from the obtained set of 
groups one singles out the space groups containing symmetry operations with the translational 
components less than 1/2 of the shortest translations in the directions of common eigenvectors of
the rotation matrixes. 
Then, the remaining space groups, i.e. the mentioned above groups, containing symmetry 
operations with the translational components less than 1/2 along the common eigenvectors, aswell 
as all space groups whose rotations have no nonzero common eigenvectors with the proper value 
2 = + 1 will be the desired groups defining the SNRPS. 
Table 1 gives the results of selection of the n-dimensional space groups for n = 2, 3, 4 with the 
symmetry of the general RPS being higher with respect to the generating roup, and the 
corresponding numbers of arithmetic (Z) classes, geometric (~3) classes, Bravais type lattices, crystal 
systems and crystal families (classification is made according to Ref [15]). Line (a) of the Table gives 
an overall number of the space group types and the listed classes for a given dimension ; line (b) 
shows the number of such classes permitting a higher symmetry of the general RPS with respect 
to the generating roup; line (c) shows the number of such classes with SNRPSs. The overall 
Table 1. Complete number of main classes of the space group types (a), number of classes permitting higher 
symmetry of the general RPS (b), number of classes corresponding to the SNRPS (c) in E", n = 2, 3, 4 
Space Bravais 
group type Crystal Crystal 
types Z-classes Q-classes lattices systems families 
n=2 
a 17 13 10 5 4 4 
b 4 3 2 3 2 2 
c 13 10 8 2 2 2 
n =3 
a 219 (11) 73 32 14 7 6 
b 53 19 lO II 6 5 
c 166(11) 54 22 3 I 1 
n ffi4 
a 4783(112) 710(70) 227(44) 64(10) 33(7) 23(6) 
b 1099 143 32 37 15 IO 
c 3684 (112) 567 (70) 195 (44) 27 (lO) 18 (7) 13 (6) 
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number of the last is 13 for E 2, 166(11) for E 3 and 3684(112) for E 4. The number of the space group 
types and the corresponding classes plitting into enantiomorphic pairs is given in parentheses. 
It should be noted that the n-dimensional groups excluded from the number of those selected 
at the first stage of the algorithm as having nonzero translational components I l k  with k > 2 along 
the invariant directions, unambiguously correspond to the (n - 1)-dimensional colored cyclic space 
groups with the number of colors k. There are 15 known groups in E 3 [3] that are transforming 
into two-dimensional multicolored groups according to the method of Belov in which the color 
is identified with the levels multiple of 1/3, 1/4 and 1/6 along the invariant axes of the unit cell. 
There are 179 analogous groups in E 4. 
The general RPSs permitting higher symmetry may be used in considering some regularities of 
piezoelectric and electrooptic crystal properties. 
All kinds of symmetry of condensed systems, including the "noncrystallographic" one, such as 
local symmetry, quasisymmetry, statistical symmetry, supersymmetry and so on aquire especial 
significance in the structural classification of the substance states [33]. One may also speak of an 
approximate symmetry when the electron density of a crystal is only partly invariant under the 
group G. This happens when some atoms of the crystal structure are arranged over the special RPSs 
of the space group or over pseudosymmetric combinations of regular systems [28-30]. 
In three-dimensional crystallography, the groups whose RPS has the symmetry higher than that 
of the group generating it, belong to polar classes and the directions of the common eigenvectors 
of the matrixes rp coincide with the polar directions. Let us consider the case of the rotation axis 
or the screw axis of the n th order coinciding with the polar direction. In the polar class with the 
axis along z all the matrixes can be simultaneously reduced to the form 
a2 ) 
0 
The radius-vector of the RPS of the space group G will take the form 
( o:i t~ . . . . .  t~/ t~/ 
(the origin of coordinates i chosen so that zl = 0). Applying the operation of reflection in a plane 
perpendicular to z-axis to an arbitrary point of a given regular system one can see that if t[ = c /2  
or 0, where c is the lattice translation, then the considered regular sytem is invariant under the given 
plane. Similarly, the RPS of the groups of the class Cs is invariant under the two-fold axis 
perpendicular to the mirror plane. 
Thus, if the group G contains axis of an even order or it belongs to CI and Cs classes then its 
any RPSs have local centers of inversion. The geometric place of the inversion centers is a straight 
line for C, and C,~ classes, a plane for the C~ class, and the whole crystal space for the C~ class. 
Table 2 gives all the three-dimensional space groups, 48 in number, any RPS of which is 
centrosymmetric. Let us call such groups locally-centrosymmetric groups. 
The crystal structure described by the locally-centrosymmetric group may be characterized by 
a set of local inversion centers under which one or another part of the electron density of the crystal 
is invariant. One can introduce a quantitative stimation of the degree of the centrosymmetry of 
the structure relative to the given point with the radius vector u. Let us consider the value 
~/(u)--- I p(x)p(--x + 2u)dV/I p2(x) dV, 
j v I JV  
where p (x) is the function of the electron density of crystals and the integrating is made over the 
volume V of the unit cell. For the crystal wholly centrosymmetric with respect o the vector u, 
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Table 2. Locally-centrosymmetric thr e- 
dimensional space groups 
P 1 Pna 21 P 4ram 
P2 Pnn 2 P 4bm 
P21 Cmm2 P42cm 
C2 (B2) Cmc21 P42nm 
Pm Ccc2 P4cc 
Pc (Pb) Amm2 P4nc 
Cm (Bm) Abm2 P42mc 
Cc (Bb ) Ama2 P4cbc 
Pmm 2 Aba 2 14mm 
Pmc 21 Fmm 2 14cm 
Pcc2 Imm2 P6 
Pma2 lba2 P63 
Pca21 Ima2 P6mm 
Pnc 2 P4 P 6c c 
Pmn21 P42 P6~cm 
Pba2 14 P6~mc 
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p(x) = p( - x + 2u) and t/(u) = 1 hold true while for a wholly acentric one r/= 0 does. The value 
~/~ max r/(u) defines the degree of centrosymmetry of the crystal as a whole. In its sense the number 
is equal to the fraction of the centrosymmetric part of the electron density in the unit cell of 
the crystal. Let us regard the crystal to be a set of nonoverlapping spherical atoms. Then the degree 
of centrosymmetry will be represented by r/ corresponding to the regular system of the most 
"heavy" atom: 
=  zL, (1) 
i 
Here Zi, Z .~ are the numbers of electrons in atoms,/~ is the multiplicity of the RPS of the group 
G, and N is the number of atoms in the unit cell. 
Thus, the degree of centrosymmetry for the crystal structure described by the locally- 
centrosymmetric groups depends on the presence of "heavy" atoms and their number in the 
structure and can be estimated without the knowledge of its atomic coordinates. This is true for 
the crystals having no superstructures with the inversion centre. In the presence of such a 
superstructure the degree of centrosymmetry may be higher than that estimated by formula (1). 
The presence of a centrosymmetric part of the electron density in a crystal, which is acentric as 
a whole, may influence the physical properties described by the tensors of odd ranks, such as 
piezoelectric properties and electrooptic ones. 
One of the authors analysed the data from the literature of 1976-86 presenting the results of 
determination of the piezotensor components du, and electrooptic tensor components r~j, for 
crystals. For ferroelectrics the values of d~j, and ruk were taken at the temperature far from the 
Curie point. Out of 80 crystals, those ones were selected whose symmetry is described by the 
locally-centrosymmetric space groups (LCGS). The dependencies of maximal absolute values of the 
piezoelectric and electrooptic constants on the value of r/calculated by formula (1) are shown in 
Figs l and 2. One can see a distinct tendency to a decrease in the J duk ] and I rUkl values with the 
increasing atomic number of the most heavy atom of the structure, what is in accord with the 
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increase in the centrosymmetry degree of the structure. Such a regularity is not observed for the 
crystals with wholly acentric symmetry groups. 
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